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1 Introduction
In this note we give a summary of some elementary results in the theory of
super Riemann surfaces (SUSY curves), which are mostly known, but are
not readily available in the literature. Our main source is Manin, who has
provided with a terse introduction to this subject in [10]. More recently
Freund and Rabin have given important results on the uniformization (see
[12]) and Witten has written an account of the state of the art of this subject,
from the physical point of view, in [15].
The paper is organized as follows.
In Sections 2 and 3, we are going to recall briefly the main definitions of
supergeometry and study in detail the examples of super projective space and
Π-projective line, which are very important in the theory of SUSY curves.
In Section 4 we discuss some general facts on SUSY curves, including
the theta characteristic, while in Section 5 we prove some characterization
results concerning genus zero and genus one SUSY curves.
2 Preliminaries
We are going to briefly recall some basic definitions of analytic supergeometry.
For more details see [10], [11], [14], [4], [7] and the classical references [2], [3].
Let our ground field be C.
A superspace S = (|S|,OS) is a topological space |S| endowed with a
sheaf of superalgebras OS such that the stalk at a point x ∈ |S|, denoted by
OS,x, is a local superalgebra.
A morphism φ : S −→ T of superspaces is given by φ = (|φ|, φ∗), where
|φ| : |S| −→ |T | is a map of topological spaces and φ∗ : OT −→ φ∗OS is such
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that φ∗x(m|φ|(x)) = mx where m|φ|(x) and mx are the maximal ideals in the
stalks OT,|φ|(x) and OS,x respectively.
The superspace Cp|q is the topological space Cp endowed with the follow-
ing sheaf of superalgebras. For any open subset U ⊂ Cp
OCp|q(U) = HolCp(U)⊗ ∧(ξ1, . . . , ξq),
where HolCp denotes the complex analytic sheaf on C
p and ∧(ξ1, . . . , ξq) is
the exterior algebra in the variables ξ1, . . . , ξq.
A supermanifold of dimension p|q is a superspace M = (|M |,OM) which
is locally isomorphic to Cp|q, as superspaces. A morphism of supermanifolds
is simply a morphism of superspaces.
We now look at an important example of supermanifold, namely the
projective superspace.
Let Pm = Cm+1 \ {0}/ ∼ be the ordinary complex projective space of
dimension m with homogeneous coordinates z0, . . . , zm; [z0, . . . , zm] denotes
as usual an equivalence class in Pm. Let {Ui}i=1,...,m be the affine cover
Ui = {[z0, . . . , zm] | zi 6= 0}, Ui ∼= Cm. On each Ui we take the global ordinary
coordinates ui0, . . . , uˆ
i
i, . . . u
i
m, uk := zk/zi (uˆ
i
i means we are omitting the
variable uii from the list). We now want to define the sheaf of superalgebras
OUi on the topological space Ui:
OUi(V ) = HolUi(V )⊗ ∧(ξi1, . . . ξin), V open inUi
where HolUi is the sheaf of holomorphic functions on Ui and ξ
i
1, . . . ξ
i
n are odd
variables.
As one can readily check Ui = (Ui,OUi) is a supermanifold, isomorphic
to Cm|n. We now define the morphisms φij : Ui ∩ Uj 7→ Ui ∩ Uj , where the
domain is thought as an open submanifold of Ui, while the codomain as an
open submanifold of Uj . By the Chart’s Theorem the φij ’s are determined
by the ordinary morphisms, together with the choice of m even and n odd
sections in OUi(Ui ∩ Uj). We write:
φij : (u
i
0, . . . , uˆ
i
i, . . . u
i
m, ξ
i
1, . . . , ξ
i
n) 7→
(
ui1
uij
, . . . ,
1
uij
, . . . ,
uim
uij
,
ξi1
uij
, . . . ,
ξin
uij
)
(1)
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where on the right hand side the 1/uij appears in the i
th position and the jth
position is omitted. As customary in the literature, the formula (1) is just a
synthetic way to express the pullbacks:
φ∗ij(u
j
k) =
uik
uij
, 0 ≤ k 6= j ≤ m, φ∗ij(ξjl ) =
ξil
uij
, 0 ≤ l ≤ n,
One can easily check that the φij’s satisfy the compatibility conditions:
φijφki = φjk, on Ui ∩ Uj ∩ Uk
hence they allow us to define uniquely a sheaf, denoted with OPm|n , hence
a supermanifold structure on the topological space Pm. The supermanifold
(Pm,OPm|n) is called the projective space of dimension m|n.
One can replicate the same construction and obtain more generally a
supermanifold structure for the topological space: P(V ) := V \ {0}, where V
in any complex super vector space.
We now introduce the functor of points approach to supergeometry.
The functor of points of a supermanifold X is the functor (denoted with
the same letter)X : (smflds)o −→ (sets), X(T ) = Hom(T,X), X(f)φ = f◦φ.
The functor of points characterizes completely the supermanifold X : in fact,
two supermanifolds are isomorphic if and only if their functor of points are
isomorphic. This is one of the statements of Yoneda’s Lemma, for more
details see [4] ch. 3.
The functor of points approach allows us to retrieve some of the geometric
intuition. For example, let us consider the functor P : (smflds)o −→ (sets)
associating to each supermanifold T the locally free subsheaves of Om+1|nT of
rank 1|0, where Om+1|nT := Cm+1|n ⊗ OT . P is defined in an obvious way
on the morphism: any morphism of supermanifolds φ : T −→ S defines a
corresponding morphism of the structural sheaves φ∗ : OS −→ φ∗OT , so that
also P (φ) is defined.
The next proposition allows us to identify the functor P with the functor
of points of the super projective space Pm|n.
Proposition 2.1. There is a one-to-one correspondence between the two sets:
P (T )←→ Pm|n(T ), T ∈ (smflds)
which is functorial in T . In other words P is the functor of points of Pm|n(T ).
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Proof. We briefly sketch the proof, leaving to the reader the routine checks.
Let us start with an element in P (T ), that is a locally free sheaf FT ⊂ Om+1|nT
of rank 1|0. We want to associate to FT a T -point of Pm|n that is a morphism
T −→ Pm|n. First cover T with Vi so that FT |Vi is free. Hence:
FT (Vi) = span {(t0, . . . , tm, θ1, . . . , θn)} ⊂ Om+1|nT (Vi)
where we assume that the section ti ∈ OT (Vi) is invertible without loss of
generality, since the rank of FT is 1|0 (this assumption may require to change
the cover). Hence:
FT (Vi) = span {(t0/ti, . . . , 1, . . . , tm/ti, θ1/ti, . . . , θn/ti)}
Any other basis (t′1, . . . , t
′
m+1, θ
′
1, . . . , θ
′
n) of FT (Vi) is a multiple of (t0, . . . , tm,
θ1, . . . , θn) by an invertible section on Vi, hence we have:
t′j/t
′
i = tj/ti θ
′
k/t
′
i = θk/ti
Thus the functions tj/ti, θk/ti, which a priori are only defined on open subsets
where FT is a free module, are actually defined on the whole of the open set
where ti is invertible, being independent of the choice of basis for FT (Vi).
We have then immediately a morphism of supermanifolds fi : Vi −→ Ui ⊂
Pm|n:
f ∗i (u
i
1) = t0/ti, . . . , f
∗
i (u
i
m) = tm/ti, f
∗
i (ξ
i
1) = θ1/ti, . . . , f
∗
i (ξ
i
n) = θn/ti (2)
where Vi = (Vi,OT |Vi) and Ui = (Ui,OPm|n |Ui). It is immediate to check that
the fi’s agree on Vi ∩ Vj , so they glue to give a morphism f : T −→ Pm|n.
As for the vice versa, consider f : T −→ Pm|n and define Vi = |f |−1(Ui).
The morphism f |Vi by the Chart’s Theorem corresponds to the choice of m
even and n odd sections in OT (Vi): v1, . . . , vm, η1, . . . , ηn. We can then define
immediately the free sheaves FVi ⊂ OT |m+1|nVi of rank 1|0 on each of the Vi as
FVi(V ) := span{(v1|V , . . . , 1, . . . vm|V , η1|V , . . . , ηn|V )}
(1 in the ith position). As one can readily check the FVi glue to give a locally
free subsheaf of Om+1|nT .
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We now want to define the Π-projective line which represents in some
sense a generalization of the super projective space of dimension 1|1 that we
defined previously.
Let P1 = C2 \ {0}/ ∼ be the ordinary complex projective line with ho-
mogeneous coordinates z0, z1. Define, as we did before, the following super-
manifold structure on each Ui belonging to the open cover {U0, U1} of P1:
OUi(V ) = HolUi(V )⊗ ∧(ξ), V open in Ui, i = 1, 2, so that Ui = (Ui,OUi) is
a supermanifold isomorphic to C1|1. At this point, instead of the change of
chart φ12, we define the following transition map (there is only one such):
ψ12 : U0 ∩ U1 −→ U0 ∩ U1
(u, ξ) 7→ ( 1
u
,− ξ
u2
)
As one can readily check, this defines a supermanifold structure on the
topological space P1 and we call this supermanifold the Π-projective line
P
1|1
Π = (P
1,OP1
Π
).
In the next section we will characterize its functor of points.
3 The Π-projective line
In this section we want to take advantage of the functor of points approach in
order to give a more geometric point of view on the Π-projective line and to
understand in which sense it is a generalization of the super projective line,
whose functor of points was described in the previous section. Let us start
with an overview of the ordinary geometric construction of the projective
line.
The topological space P1 consists of the 1-dimensional subspaces of C2,
that is P1 = C2 \ {0}/ ∼, where (z0, z1) ∼ (z′0, z′1) if and only if (z0, z1) =
λ(z′0, z
′
1), λ ∈ C×. In other words, the equivalence class [z0, z1] ∈ P1 consists
of all the points in C2 which are in the orbit of (z0, z1) under the action of
C× by left (or right) multiplication.
Now we go to the functor of points of P1|1. A T -point of P1|1 locally
is a 1|0-submodule of O1|1T (V ) (V is a suitably chosen open in T ). So it is
locally an equivalence class [z0, z1, η0, η1] where we identify two quadruples
(z0, z1, η0, η1) ∼ (z′0, z′1, η′0, η′1) if and only if zi = λz′i and ηi = λη′i, i =
0, 1, λ ∈ OT (V )×. In other words, exactly as we did before for the case of
5
P1, we identify those elements in C2|1(T ) that belong to the same orbit of
the multiplicative group of the complex field G
1|0
m (T ) ∼= C×(T ).1 It makes
then perfect sense to generalize this construction and look at the equivalence
classes with respect to the action of the multiplicative supergroup G
1|1
m , which
is the supergroup with underlying topological space C×, with one global odd
coordinate and with group law (in the functor of points notation):
(a, α) · (a′, α′) = (aa′ + αα′, aα′ + αa′).
G
1|1
m is naturally embedded into GL(1|1), the complex general linear super-
group via the morphism (in the functor of points notation):
G
1|1
m (T ) −→ GL(1|1)(T )
(a, α) 7→
(
a α
α a
)
This is precisely the point of view we are taking in constructing the Π-
projective line: we identify T -points in C2|2 which lie in the same G
1|1
m orbit,
but instead of looking simply at rank 1|1 submodules of C2|2(T ) we look at
a more elaborate structure, which is matching very naturally the G
1|1
m action
on C2|2. This structure is embodied by the condition of φ-invariance for a
suitable odd endomorphism φ of C2|2, that we shall presently see. For more
details see Appendix A.
Consider now the supermanifold C2|2, and the odd endomorphism φ on C2|2
given in terms of the standard homogeneous basis {e0, e1|E0, E1} by:
( 0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
)
We note that φ2 = 1.
1All of our arguments here take place for an open cover of T in which a T point
corresponds to a free sheaf and not just a locally free one. For simplicity of exposition we
omit to mention the cover and the necessary gluing to make all of our argument stand.
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In analogy with the projective superspace, we now consider the functor
PΠ : (smflds)
o −→ (sets), where
PΠ(T ) := {rank 1|1 locally free, φ-invariant subsheaves of O2|2T }
Here the action of φ is extended to O2|2T = C2|2 ⊗C OT by acting on the first
factor.
Lemma 3.1. Let FT ∈ PΠ(T ). Then there exist an open cover {Vi} of T ,
where FT (Vi) is free and a basis e, E of FT (Vi) such that φ(e) = E , φ(E) = e.
Proof. Since FT is locally free, there exist an open cover {Vi} of T , where
FT (Vi) is free with basis, say, e′, E ′. Let Ψ be the matrix of φ|Vi in this basis.
Since φ2 = 1, we have Ψ2 = 1, which implies that Ψ has the form:
Ψ :=
(
α a
a−1 −α
)
with a ∈ O∗T (Vi)0, α ∈ OT (Vi)1. Let P ∈ GL(1|1)(OT (Vi)) be the matrix:
P :=
(
a−1 0
−a−1α 1
)
P is invertible because a is, and one calculates that PΨP−1 = Φ, so P gives
the desired change of basis.
Proposition 3.2. There is a one-to-one correspondence between the two sets:
PΠ(T ) −→ P1|1Π (T ), T ∈ (smflds)
which is functorial in T . In other words PΠ is the functor of points of P
1|1
Π .
Proof. We briefly sketch the proof, leaving to the reader the routine checks.
Let us consider a locally free sheaf FT ⊂ O2|2T of rank 1|1 in PΠ(T ), invariant
under φ. We want to associate to each such FT a T -point of P1|1Π (T ), that is,
a morphism f : T −→ P1|1Π .
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First we cover T with Vi, so that FT |Vi is free. By Lemma 3.1 there exists a
basis e, E of FT (Vi) such that φ(e) = E , φ(E) = e.
Representing e, E using the basis {e0, E0, e1, E1} of C2|2, we have:
FT (Vi) = span {e = (s0, σ0, s1, σ1), E = (σ0, s0, σ1, s1)}
for some sections sj, σj in OT (Vi). Since the rank of FT is 1|1, either s0 or s1
must be invertible. Let us call V0 the union of the Vi for which s0 is invertible
and V1 the union of the Vi for which s1 is invertible.
Hence, we can make a change of basis of FT (Vi) by right multiplying the
column vectors representing e and E in the given basis, by a suitable element
gi ∈ GL(1|1)(OT (Vi)) obtaining:
FT (V0) = span {(1, 0, s1s−10 − σ1σ0s−20 , σ1s−10 − s1σ0s−20 ),
(0, 1, σ1s
−1
0 − s1σ0s−20 , s1s−10 − σ1σ0s−20 )},
FT (V1) = span {(s0s−11 − σ0σ1s−21 , σ0s−11 − s0σ1s−21 , 1, 0),
(σ0s
−1
1 − s0σ1s−21 , s0s−11 − σ0σ1s−21 , 0, 1)},
g0 =
(
s−10 −σ0s−20
−σ0s−20 s−10
)
, g1 =
(
s−11 −σ1s−21
−σ1s−21 s−11
)
Suppose now {e′, E ′} := {(s′0, σ′0, s′1, σ′1), (σ′0, s′0, σ′1, s′1)} is another basis
of FT (Vi) such that φ(e′) = E ′, φ(E ′) = e′. The sections in OT (Vi) we have
obtained, namely:
v0 = s1s
−1
0 − σ1σ0s−20 , ν0 = σ1s−10 − s1σ0s−20
v1 = s0s
−1
1 − σ0σ1s−21 , ν1 = σ0s−11 − s0σ1s−21
are independent of the choice of such a basis. This can be easily seen with
an argument very similar to the one in Prop. 2.1.
Hence we have well-defined morphisms of supermanifolds fi : Vi −→ Ui ⊂
P
1|1
Π :
f ∗0 (u0) = v0, f
∗
0 (ξ0) = ν0
f ∗0 (u1) = v1, f
∗
0 (ξ1) = ν1
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where Vi = (Vi,OT |Vi) and Ui = (Ui,OP1|1
Π
|Ui), while (ui, ξi) are global coordi-
nates on Ui ∼= C1|1. A small calculation shows that the fi’s agree on V0 ∩V1,
in fact as one can readily check:
(1, 0, v0, ν0) ∼
(
1
v0
,
−ν0
v20
, 1, 0
)
and similarly for (v1, ν1, 1, 0), which corresponds to the transition map for
P
1|1
Π we defined in Sec. 2. So the fi’s glue to give a morphism f : T −→ P1|1Π .
For the converse, consider f : T −→ P1|1Π and define Vi = |f |−1(Ui). We
can define immediately the sheaves FVi ⊂ O2|2Vi on each of the Vi as we did in
the proof of Prop. 2.1:
FV0 = span {(1, 0, t0, τ0), (0, 1, τ0, t0)}
FV1 = span {(t1, τ1, 1, 0), (τ1, t1, 0, 1)}
where ti = f
∗(ui), τi = f
∗(ξi). The FVi so defined are free of rank 1|1 (by
inspection there are no nontrivial relations between the generators), and φ-
invariant by construction. Finally, one checks that the relations t1 = t
−1
0 , τ1 =
−t−20 τ0 imply that the FVi glue on V0 ∩ V1 to give a locally free rank 1|1
subsheaf of O2|2T .
4 Super Riemann surfaces
In this section we give the definition of super Riemann surface and we exam-
ine some elementary, yet important properties.
Much of the material we discuss in this section is contained, though not so
explicitly, in [11].
Definition 4.1. A 1|1-super Riemann surface is a pair (X,D), where X
is a 1|1-dimensional complex supermanifold, and D is a locally direct (and
consequently locally free, by the super Nakayama’s lemma) rank 0|1 subsheaf
of the tangent sheaf TX such that:
D⊗D −→ TX/D
Y ⊗ Z 7→ [Y, Z] (modD)
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is an isomorphism of sheaves. Here [ , ] denotes the super Lie bracket of vector
fields. The distinguished subsheaf D is called a SUSY-1 structure on X ,
and 1|1-super Riemann surfaces are thus alternatively referred to as SUSY-1
curves. We shall refer to SUSY 1-structures simply as SUSY structures.
We say that X has genus g if the underlying topological space |X| has genus
g.
Definition 4.2. Let (X,D), (X ′,D′) be SUSY-1 curves, and F : X → X ′ a
biholomorphic map of supermanifolds. F is a isomorphism of SUSY curves,
or simply a SUSY isomorphism, if (dF )p(Dp) = D′|F |(p) for all reduced points
p ∈ |X|. Here (dF )p denotes the differential of F at p, Dp ⊂ TpX (resp. D′q)
the stalk of the subsheaf D (resp. D′) at p (resp. q).
Example 4.3. Let us consider the supermanifold C1|1, with global coordi-
nates z, ζ together with the odd vector field:
V = ∂ζ + ζ∂z
If D = span{V }, D is a SUSY structure on C1|1 since V , V 2 span TC1|1. As
we will see, this is the unique (up to SUSY isomorphism) SUSY structure on
C1|1.
We now want to relate the SUSY structures on a supermanifold and the
canonical bundle of the reduced underlying manifold. It is important to
remember that for a supermanifold X of dimension 1|1, OX,0 = OX,red; that
is, the even part of its structural sheaf coincides with its reduced part. This
is of course not true for a generic supermanifold.
We start by showing that any SUSY structure can be locally put into a
canonical form.
Lemma 4.4. Let (X,D) be a SUSY-1 curve, p a topological point in Xred.
Then there exists an open set U containing p and a coordinate system W =
(w, η) for U such that D|U = span {∂η + η∂w}.
Proof. Since D is locally free, there exists a neighborhood U of p on which
D = span {D}, where D is some odd vector field; by shrinking U , we may
assume it is also a coordinate domain with coordinates (z, ζ). Since X has
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only one odd coordinate, we have D = f(z)∂ζ+g(z)ζ∂z for some holomorphic
even functions f , g. So:
D2 = [D,D]/2 = g(z)∂z + gf
′ζ∂ζ.
Since D, D2 form a free local basis for the OX -module TX , we have
a11D + a12D
2 = ∂z, a21D + a22D
2 = ∂ζ
If we substitute the expression for D and D2 we obtain:
g(a11ζ + a12) = 1, a21f = 1− a22gf ′ζ
from which we conclude that both f and g must be units.
We now show that we can find a new coordinate system (possibly shrinking
U) so thatD can be put in the desired form. We will assume such a coordinate
system exists, then determine a formula for it and this formula will give us
the existence. Let w = w(z), η = h(z)ζ be the new coordinate system, where
w and h are holomorphic functions. By the chain rule, we have:
∂z = w
′(z)∂w + h
′(z)ζ∂η, ∂ζ = h(z)∂η
We now set D = ∂η + η∂w and substituting we have:
D = ∂η + η∂w = fh∂η + gh
−1ηw′(z)∂w
which holds if and only if the system of equations:
fh = 1, gw′ = h
has a solution for w, h. By shrinking our original coordinate domain, we may
assume it is simply connected. Then since f and g are units, the system has
a solution, by standard facts from complex analysis. We leave to the reader
the easy check that (w, η) is indeed a coordinate system.
Definition 4.5. Let (X,D) be a SUSY-1 curve, U an open set. Any co-
ordinate system (w, η) on U having the property of Lemma 4.4 is said to
be compatible with the SUSY structure D. Any open set U that admits a
D-compatible coordinate system is said to be compatible with D.
11
Definition 4.6. Let Xred be an ordinary Riemann surface, KXred its canon-
ical bundle. A theta characteristic is a pair (L, α), where L is a holomor-
phic line bundle on Xred, and α a holomorphic isomorphism of line bundles
α : L⊗L −→ KXred . An isomorphism of theta characteristics (L, α), (L′, α′)
is an isomorphism φ : L→ L′ of line bundles such that α′ ◦ φ⊗2 = α.
Some authors also call a theta characteristic of Xred a square root of the
canonical bundle KXred .
Definition 4.7. A super Riemann pair, or SUSY pair for short, is a pair
(Xr, (L, α)) where Xr is an ordinary Riemann surface, and (L, α) is a theta
characteristic on Xr. An isomorphism of SUSY pairs F : (Xr, (L, α)) →
(X ′r, (L′, α′)) is a pair (f, φ) where f : Xr → X ′r is a biholomorphism of
ordinary Riemann surfaces, and φ : L′ → f∗(L) is an isomorphism of theta
characteristics on X ′r.
For the sake of brevity, we will occasionally omit writing the isomorphism
α in describing a super Riemann pair. The following theorem shows that the
data of super Riemann surface and of super Riemann pair are completely
equivalent.
Theorem 4.8. Let (X,D) be a SUSY-1 curve. Then (Xred,OX,1) is a SUSY
pair, where OX,1 is regarded as an OX,0-line bundle. Furthermore, if F :=
(f, f#) : (X,D) → (X ′,D′) is a SUSY-isomorphism, then (f, f#|OX,1) :
(Xred,OX,1)→ (X ′red,OX′,1) is an isomorphism of SUSY pairs.
Conversely, suppose (Xr, (L, α)) is a SUSY pair. Then there exists a
structure of SUSY-1 curve (XL,DL) on Xr, such that the SUSY pair as-
sociated to (XL,D) equals (Xr, (L, α)). Any isomorphism of SUSY pairs
(Xr, (L, α))→ (X ′r, (L′, α′)) induces a SUSY-isomorphism XL → XL′.
Proof. First we show that if X is a 1|1-complex supermanifold with a SUSY
structure, then the OX,0-line-bundle OX,1 is a square root of the canonical
bundle KXred .
By Lemma 4.4, X has an open cover by compatible coordinate charts. If
(z, ζ) and (w, η) are two such coordinate charts, then
Dz = ∂ζ + ζ∂z, Dw = ∂η + η∂w
with Dz = h(z)Dw, h(z) 6= 0. If w = f(z) and η = g(z)ζ a small calculation
implies that f ′(z) = g2, that is, O⊗2X,1 and KXred have the same transition
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functions for this covering, hence there is an isomorphism O⊗2X,1 → KXred .
If F := (f, f#) : (X,D) → (X ′,D′) is a SUSY-isomorphism of SUSY-1
curves with underlying Riemann surface Xred, then one checks that f
#|OX′,1 :
OX′,1 → f∗(OX,1) is an isomorphism of line bundles. Covering X with an
atlas of compatible coordinate charts, transferring this atlas to a compatible
atlas on X ′ by F , and comparing the transition functions for f∗(OX,1) and
OX′,1 in this atlas as above, we obtain the desired isomorphism of theta
characteristics.
Conversely, if we have a theta characteristic α : L⊗2 → KXred , we de-
fine a sheaf of supercommutative rings OXL on |X|, the topological space
underlying Xred, by setting:
OXL = OXred ⊕L
with multiplication (f, s) · (g, t) = (fg, ft + gs). One checks that OXL so
defined is a sheaf of local supercommutative rings, using the standard fact
that a supercommutative ring A is local if and only if its even part A0 is
local. By taking a local basis χ of L in a trivialization, and sending (f, gχ)
to f + gη, we see that OXL so defined is locally isomorphic to OXred ⊗ Λ[η]
and hence (Xred,OXL) is a supermanifold.
The SUSY structure is defined as follows. Let z be a coordinate for Xred
on an open set U . By shrinking U we may assume OL(U) is free. Then
there is some basis ζ of OL(U) such that α(ζ ⊗ ζ) = dz; then z, ζ so defined
are coordinates for XL on U . We set the SUSY structure on U to be that
spanned by DZ := ∂ζ + ζ∂z.
We will show the local SUSY structure thus defined is independent of our
choices and hence is global on X . Suppose w is another coordinate on U ,
and η a basis of OL(U) such that α(η⊗ η) = dw. Then w = f(z), η = g(z)ζ ,
with f ′ a unit in U . Since dw = f ′(z) dz, we have:
α(η ⊗ η) = g2α(ζ ⊗ ζ)
= f ′(z)dz
from which it follows that g2 = f ′; in particular, g is also a unit. Then by
the chain rule, ∂ζ + ζ∂z = g(∂η + η∂w), hence DZ and DW span the same
SUSY structure on U .
Now suppose (X ′r,L′) is another SUSY pair, isomorphic to (X,L) by (f, φ).
Then φ will induce an isomorphism of analytic supermanifolds ψ : XL −→
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XL′, since f : XL,red → XL′,red is an isomorphism, and f∗(OXL,1) ∼= OXL′ ,1 via
the isomorphism φ of theta characteristics. Now we check we have a SUSY
isomorphism. This may be done locally: given a point p ∈ Xred one chooses
coordinates (z, ζ) and (z′, ζ ′) around p that are compatible with the SUSY-1
structures on XL and XL′, so that DZ := ∂ζ + ζ∂z (resp. DZ′ := ∂ζ′ + ζ
′∂z′)
locally generate the SUSY structures. In these coordinates the reader may
check readily that dψ(DZ |p) = DZ′|p.
Theorem 4.8 has the following important immediate consequence.
Corollary 4.9. A 1-dimensional complex manifold Xred carries a SUSY
structure if and only if X admits a theta characteristic.
Remark 4.10. One can prove, via a direct argument using cocycles, that
any compact Riemann surface S admits a theta characteristic, using the
fact that the Chern class is c1(KS) = 2 − 2g (i.e. it is divisible by 2 hence
KS admits a square root). Hence SUSY-1 curves exist in abundance: any
compact Riemann surface admits at least one structure of SUSY-1 curve.
Theorem 4.8 has also the following important consequences:
Proposition 4.11. Up to SUSY-isomorphism, there is a unique SUSY-1
structure on C1|1, namely, that defined by the odd vector field:
V = ∂ζ + ζ∂z
where (z, ζ) are the standard linear coordinates on C1|1.
Proof. The reduced manifold of C1|1 is C. It is well known that all holomor-
phic line bundles on C are trivial. This implies there exists only one theta
characteristic for C up to isomorphism, namely (OC, 11⊗2). The essential
point in verifying this uniqueness is that any automorphism of trivial line
bundles on C is completely determined by an invertible entire function on
C, and such a function always has an invertible entire square root. Hence by
Theorem 4.8, there is only one SUSY-1 structure on C up to isomorphism.
For the last statement of the theorem, see Example 4.3.
The next example shows that Lemma 4.4 is a purely local result.
14
Example 4.12. Consider the vector field:
Z = ∂ζ + e
zζ∂z
Z is an odd vector field on C1|1 defining a SUSY structure on C1|1. The pre-
vious proposition implies that the SUSY structure defined by Z is isomorphic
to that defined by V = ∂ζ+ζ∂z. However, it does not imply that there exists
a global coordinate system (w, η) for C1|1 in which Z takes the form ∂η+η∂w.
In fact suppose such a global coordinate system w = f(z), η = g(z)ζ existed.
Then:
(
f ′ 0
g′ζ g
)(
ezζ
1
)
=
(
η
1
)
from which we conclude that g = 1, f ′ = e−z. Hence f = −e−z+c, but since f
is not one-to-one, this contradicts the assumption that (w, η) is a coordinate
system on all of C1|1. This shows that Lemma 4.4 cannot be globalized even
in the simple case of C1|1, even though C1|1 has a unique SUSY structure up
to SUSY isomorphism.
5 Super Riemann surfaces of genus zero and
one
In this section we want to provide some classification results on SUSY curves
of genus zero and one. The next proposition provides a complete classification
of compact super Riemann surfaces of genus zero and shows the existence of
a genus zero 1|1 compact complex supermanifold, namely the Π-projective
line, that does not admit a SUSY structure.
Proposition 5.1. 1. P1|1 admits a unique SUSY structure, up to SUSY-
isomorphism. More generally, if X is a supermanifold of dimension
1|1 of genus zero, then X admits a SUSY structure if and only if X is
isomorphic to P1|1.
2. P1Π admits no SUSY structure.
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Proof. To prove (1), recall the well-known classification of line bundles on P1:
Pic(P1) is a free abelian group of rank one, generated by the isomorphism
class of the hyperplane bundle O(1), and KP1 ∼= O(−2).
Hence, up to isomorphism, there is a unique theta characteristic on
P1, namely (O(−1), ψ) where ψ is any fixed isomorphism of line bundles
O(−1)⊗2 → O(−2). Similar to Prop 4.11, the proof of this uniqueness re-
duces to the problem of lifting a given global automorphism of O(−1)⊗2 ∼=
O(−2) to an automorphism of O(−1). This requires the fact that End(L) =
L∗ ⊗ L = O for any line bundle L, and that H0(P1,O) = C. In particu-
lar, any global automorphism of O(−1)⊗2 is given by multiplication by an
invertible scalar, which has an invertible square root in C; this is the desired
automorphism of O(−1).
Considering now the statement (2), by Theorem 4.8, if X = P
1|1
Π admitted
a SUSY-1 structure, we would have OX,1 ∼= O(−1). Using the coordinates
from Section 2, we see that OX,1 ∼= O(−2). This is a contradiction.
We now turn to the study of genus one SUSY curves.
In ordinary geometry a compact Riemann surface X of genus one, that is an
elliptic curve, is obtained by quotienting C by a lattice L ∼= Z2. It is easily
seen that any such lattice L is equivalent, under scalar multiplication, to a
lattice of the form L0 := span{1, τ}, where τ lies in the upper half plane.
Two lattices L0 = span{1, τ} and L′0 = span{1, τ ′}, are equivalent, i.e., yield
isomorphic elliptic curves, if and only if τ and τ ′ lie in the same orbit of the
group Γ = PSL2(Z), where the action is via linear fractional transformations:
τ 7→ aτ + b
cτ + d
A fundamental domain for this action is:
D = {τ ∈ C | Im(τ) > 0, |Re(τ)| ≤ 1/2, |τ | ≥ 1}
We now want to generalize this picture to the super setting. Our main
reference will be [12].
We start by observing the ordinary action of Z2 ∼= L0 = 〈A0, B0〉 on C is
given explicitly by:
A0 : z 7→ z + 1, B0 : z 7→ z + τ
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In [12] Freund and Rabin take a similar point of view in constructing a super
Riemann surface: they define even super elliptic curves as quotients of C1|1
by Z2 = 〈A,B〉, acting by:
A :(z, ζ) 7→ (z + 1,±ζ)
B :(z, ζ) 7→ (z + τ,±ζ),
In this section, we will justify their choice of these particular actions by
showing they are the only reasonable generalizations of the classical actions
of Z2 on C.
In Sec. 4 we proved that on C1|1 there exists, up to isomorphism, only
one SUSY structure, corresponding to the vector field V = ∂ζ+ζ∂z. We now
want to characterize all possible SUSY automorphisms preserving this SUSY
structure.
We start with some lemmas.
Lemma 5.2. Let X be a 1|1 complex supermanifold and ω, ω′ be holomorphic
1|0 differential forms on X such that ker(ω), ker(ω′) are 0|1 distributions.
Then ker(ω) = ker(ω′) if and only if ω′ = tω for some invertible even
function t(z).
Proof. The ⇐ implication is clear. To prove the ⇒ implication, we can
reduce to a local calculation. Suppose now that ker(ω) = ker(ω′). Given
any point p in X , fix an open neighborhood U ∋ p where TX|U is free. As
D is locally a direct summand, it is locally free of rank 0|1, by the super
Nakayama’s lemma (see [14]) and D|U has a local complement E ⊂ TX|U
(shrinking U , if needed).
Let us use the notation OU = OX |U and O(U) = OU(U). As E is also a direct
summand of TX|U , it is also a free OU -module (again possibly shrinking U)
hence must be of rank 1|0. Hence we have a local splitting TX|U = D⊕E of
free OU -modules. Let Z be a basis for D|U , W a basis for E ; then W,Z form
a basis for TX|U .
ω|U : OTX(U)→ OU(U) induces an even linear functional ωp : TpX → C on
the tangent space at p, and the splitting TX|U = D⊕E induces a correspond-
ing splitting TpX = Dp ⊕ Ep of super vector spaces, with dim(Dp) = 0|1,
dim(Ep) = 1|0, such that ker(ωp) = Dp and span(Wp) = Ep. By linear
algebra, ωp|Ep is an isomorphism; in particular, ωp(Wp) is a basis for C =
Op/Mp. The super Nakayama’s lemma then implies that ω(W ) generates
17
OU as OU -module (again shrinking U if necessary), which is true if and only
if ω(W ) is a unit; the same is true for ω(W ′).
We now show that the ratio ω′(W )/ω(W ) ∈ O∗U,0 is independent of the local
complement E and the choice of W , so that it defines an invertible even
function t on all of X . Suppose E ′ is another local complement to D on U ,
and W ′ a local basis for E ′. We have as before that Z,W ′ form a basis of
TX|U . Then ω(W ′), ω′(W ′) are invertible in OU by the above argument, and
W ′ = bW + βZ with b ∈ O∗U,0, β ∈ OU,1.
ω(W ′)
ω′(W ′)
=
bω(W ) + βω(Z)
bω′(W ) + βω′(Z)
=
ω(W )
ω′(W )
Note here that we have used the hypothesis ker(ω) = ker(ω′) to conclude
ω(Z) = ω′(Z) = 0.
Finally, we verify that ω′ = tω; this can again be done locally since t is
now known to be globally defined. The argument is left to the reader.
The odd vector field V = ∂ζ + ζ∂z defining our SUSY structure D is
dual to the differential form ω := dz − ζ dζ . As one can readily check D =
span{V } = ker(ω).
Lemma 5.3. An automorphism F : C1|1 → C1|1 is a SUSY automorphism
if and only if F ∗(ω) = t(z)ω for some invertible even function t(z).
Proof. Unraveling the definitions, one sees that F preserves the SUSY struc-
ture if and only if
ker(F ∗(ω))p = ker(ω)p
for each p ∈ X . We claim that the latter is true if and only if ker(F ∗(ω)) =
ker(ω). One implication is clear. Conversely, suppose that ker(F ∗(ω))p =
ker(ω)p for each p ∈ X . By a standard argument using the super Nakayama’s
Lemma, ker(F ∗(ω)) = ker(ω) in a neighborhood of p for any point p, hence
ker(ω) = ker(F ∗(ω)). The result then follows by Lemma 5.2.
We are now ready for the result characterizing all of the SUSY automor-
phisms of C1|1.
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Proposition 5.4. Let (z, ζ) be the standard linear coordinates on C1|1, and
let C1|1 have the natural SUSY-1 structure defined by the vector field V =
∂ζ+ ζ∂z. The SUSY automorphisms of C
1|1 are precisely the endomorphisms
F of C1|1 such that:
F (z, ζ) = (az + b,±√aζ)
where a ∈ C∗, b ∈ C, and √a denotes either of the two square roots of a.
Proof. Let F be such an automorphism, and z, ζ the standard coordinates
on C1|1. Then by the Chart Theorem, F (z, ζ) = (f(z), g(z)ζ) for some
entire functions f, g of z. Similarly, F−1(z, ζ) = (h(z), k(z)ζ)) for some
entire functions h, k. Since F and F−1 are inverses, f is a biholomorphic
automorphism of C1|0, hence linear by standard facts from complex analysis:
f(z) = az + b for some a, b ∈ C, a 6= 0; the same is true for h.
So by the Lemma 5.3, F preserves the SUSY-1 structure on C1|1 if and
only if F ∗(ω) = t(z)ω. We calculate:
F ∗(dz − ζ dζ) = df − F ∗(ζ) d(gζ)
= f ′ dz − g2ζ dζ.
Equating this with t(z)ω, we see t = f ′ = g2. Thus g2 = a, so in particular
g is constant. Hence:
F (z, ζ) = (az + b, cζ)
where c2 = a, a ∈ C\{0}, b ∈ C. Conversely, one checks that any
morphism C1|1 → C1|1 of the above form is an automorphism, and that it
preserves the SUSY structure.
From our previous proposition, we conclude immediately that the only
actions of Z2 on C1|1 that restrict to the usual action on the reduced space
C are of the form:
A :(z, ζ) 7→ (z + 1,±ζ)
B :(z, ζ) 7→ (z + τ,±ζ),
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since the actions of A and B must be by automorphisms of the form:
(z, ζ) 7→ (az + b,±√aζ)
and in this case, a must be taken to be 1. This justifies the choice made in
[12].
Remark 5.5. Using Theorem 4.8, we see that the SUSY structures on Xred
correspond one-to-one to isomorphism classes of theta characteristics onXred.
It is well-known from the theory of elliptic curves over C that an elliptic curve
Xred has four distinct theta characteristics, up to isomorphism. Regarding
Xred as an algebraic group, these theta characteristics correspond to the
elements of the subgroup of order 2 in Xred.
As noted in [9], one can define the parity of a theta characteristic L as
dimH0(Xred,L) (mod 2). This is a fundamental invariant of the theta char-
acteristic (cf. [1] where the parity is shown to be stable under holomorphic
deformation). The isomorphism class of the trivial theta characteristic OXred
is distinguished from the other three by its parity: it has odd parity, the
others have even parity. The odd case is therefore fundamentally different
from the perspective of supergeometry, and is best studied in the context of
families of super Riemann surfaces; families of odd super elliptic curves are
considered in, for instance, [12], [9], [15].
In [12], Rabin and Freund also describe a projective embedding of the SUSY
curve defined by C1|1/〈A, B 〉 using the classical Weierstrass function ℘ and
the function ℘1 defined as ℘
2
1 = ℘ − e1 (as usual e1 = ℘(ωi) with ω1 = 1/2,
ω2 = τ/2 and ω3 = (1 + τ)/2). If U0, U1, U2 is the open cover of P
2|3(C)
described in Sec. 2, on U2 the embedding is defined as:
C1|1/〈A, B 〉 −→ U2 ⊂ P2|3(C)
(z, ζ) 7→ [℘(z), ℘′(z), 1, ℘1(z)ζ, ℘′1(z)ζ, ℘1(z)℘(z)ζ ]
In [12], they describe also the equations of the ideal in U2 corresponding to
the SUSY curve in this embedding:
y2 = 4x3 − a1x2 − a2, 2(x− e1)η2 = yη1
yη2 = 2(x− e2)(x− e3)η1 η3 = xη1
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where (x, y, η1, η2, η3) are the global coordinates on U2 ∼= C2|3. One can read-
ily compute the homogeneous ideal in the ring C[x0, x1, x2, ξ1, ξ2, ξ3] associ-
ated with the given projective embedding. It is generated by the equations:
x21x2 = 4x
3
0 − a1x20x2 − a2x32, 2(x0x2 − e1x22)ξ2 = x1x2ξ1
x1x2ξ2 = 2(x0 − e2x2)(x0 − e3x2)ξ1 ξ3x2 = x0ξ1
A Π-Projective geometry revisited
We devote this appendix to reinterpret the Π-projective line, discussed in
Sec. 3, through the superalgebra D.
Let D denote the super skew field, D = C[θ], θ odd and θ2 = −1. As a
complex super vector space of dimension 1|1, D = {a+ bθ | a, b ∈ C}, thus it
has a canonical structure of analytic supermanifold, and its functor of points
is:
T 7→ D(T ) := (D⊗O(T ))0 = D0 ⊗O(T )0 ⊕ D1 ⊗O(T )1
Let D× be the analytic supermanifold obtained by restricting the structure
sheaf of the supermanifold D to the open subset D \ {0}.
D× is an analytic supergroup and its functor of points is:
T 7→ D×(T ) := (D⊗O(T ))∗0
where (D⊗O(T ))∗0 denotes the invertible elements in (D⊗O(T ))0;
As a supergroup D× is isomorphic to G
1|1
m , which is the supergroup with
underlying topological space C×, described in Sec. 3. The isomorphism
between G
1|1
m and D× simply reads as:
(a, α) 7→ a+ θα
Notice that G
1|1
m (hence D×) is naturally embedded into GL(1|1), the com-
plex general linear supergroup via the morphism (in the functor of points
notation):
D×(T ) ∼= G1|1m (T ) −→ GL(1|1)(T )
a+ θα ∼= (a, α) 7→
(
a α
α a
)
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Before we continue this important characterization of Π-projective geome-
try due to Deligne, let us point out that while G
1|1
m
∼= D× are commutative
supergroups, the commutative algebra D = C[θ] is not a commutative super-
algebra, because if it were, then θ2 = 0 and not θ2 = −1 as we have instead.
This is an important fact, which makes Π-projective supergeometry more
similar to non commutative geometry than to regular supergeometry.
We now want to relate more closely the Π-projective supergeometry with
D.
Lemma A.1. A right action of D on a complex super vector space V is
equivalent to the choice of an odd endomorphism φ of V such that φ2 = 1.
Proof. Let V be a right D-module. A right action of D = C[θ] is an anti-
homomorphism f : D → End(V ), which corresponds to a left action of the
opposite algebra Do = C[θo], (θo)2 = 1 (End(V ) denotes all of the endomor-
phisms of V , not just the parity preserving ones). Such actions are specified
once we know the odd endomorphisms ψ and φ corresponding respectively
to θ and θo. Hence explicitly right multiplication by θ gives rise to an odd
endomorphism φ such that φ2 = 1, by:
φ(v) := (−1)|v|v · θ
Conversely, given a super vector space V and an odd endomorphism φ of
square 1, we can define a right D-module structure on V by:
v · (a + bθ) := v · a + (−1)|v|φ(v) · b
Given any complex supermanifold X , there is a sheaf D of superalgebras,
defined by D(U) := OX(U)⊗C D, for any open set U ⊆ |X|. Then a sheaf of
right (resp. left) D-modules on X is a sheaf of right (resp. left) modules for
the sheaf D; a morphism F → F ′ of sheaves of D-modules is simply a sheaf
morphism that intertwines the D-actions on F ,F ′. A sheaf of D-modules F
is locally free of D-rank n if F is locally isomorphic to Dn.
Lemma A.2. Let X be a complex supermanifold and let U be an open set.
If V is a free D(U)-module of D-rank 1, AutD(V ) ∼= D×(U).
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Proof. Since V is free of D-rank 1, we may reduce to the case V = D(U) as
right D-modules, where this identification is obvious: f 7→ f(1) ∈ D×(U) for
f ∈ AutD(V ).
We are now ready to reinterpret the functor of points of the Π-projective
line.
Proposition A.3. Let the notation be as above.
PΠ(T ) = {locally free, D-rank 1 right D-subsheaves FT ⊆ O2|2T }
In other words, the functor of points of the Π-projective line associates to
each supermanifold T the set of locally free right D-subsheaves of rank 1|0 of
O2|2T .
Proof. (Sketch). The right action on FT of D corresponds to the right action
of D on C2|2 ⊗ OT occurring on the first term through the left multiplica-
tion by the odd endomorphism φ, (see Lemma A.1). Hence the φ-invariant
subsheaves are in one to one correspondence with the right D-subsheaves of
O2|2T . Notice furthermore that by Lemma A.2, the change of basis of the
free module FT (Vi) we used in 3.2, corresponds to right multiplication by an
element of G
1|1
m
∼= D×, that is the natural left action of D× on the locally
free, D-rank 1 sheaf FT (Vi) by automorphisms.
Remark A.4. The generalization from C× action on Cn (see the construc-
tion of ordinary projective space Sec. 2) to G
1|1
m
∼= D× action on Cn|n gives
us naturally the odd endomorphism φ, which is used to construct the Π-
projective space and ultimately it is the base on which Π-projective geome-
try is built. The introduction of the skew-field D, D× ∼= G1|1m is not merely a
computational device, but suggest a more fundamental way to think about
Π-projective geometry. We are unable to provide a complete treatment here,
but we shall do so in a forthcoming paper.
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